On this paper, we study the equivalence between K-functionals and modulus of smoothness tied to a Weinstein operator .
Introduction
Given a positive real number r and a positive integer m, the classical modulus of smoothness is defined for a function R An oustanding result of the theory of approximation of functions on R, which establishes the equivalence between modulus of smoothness and K−functionals, can be formulated as follows:
Theorem 1.1. (see [2] ) There are two positive constants c 1 and c 2 such that for all f ∈ L 2 (R) and r > 0:
IN the classical theory of approximation of functions on R, the modulus of smoothness are basically built by means of the translation operators f −→ f (x + y). The translation operator is used for the the construction of modulus of continuity and smoothness which are the fundamental elements of direct and inverse theorems in the approximation theory. Many generalized modulus of smoothness are often more convenient than the usual ones for the study of the connection between the smoothness properties of a function and the best approximations of this function in weight functional spaces (see [5] − [6] ). In addition to modulus of smoothness, the K-functionals introduced by J.Peetre [4] have turned out to be a simple efficient tool for the description of smoothness properties of functions. The study of the connection between these two quantities is one of the main problems in the theory of approximation of functions. In the classical setting, the equivalence of modulus of smoothness these problems are studied, for example , in [2] . The present paper is organized as follows: In Section 2, we present some preliminary results and notations that will be useful in the sequel and we establish some results associated with the Weinstein operator. In section 3, the main result is the proof of the theorem on the equivalence of a K−functional and the modulus of smoothness constructed by the Weinstein oprtator.
Preliminaries
In this section , we provide some facts about harmonic analysis related to the Weinstein Operator Λ α,d
W . We cite here, as briefly as possible, only those properties actually required for the discussion. For more details we refer to [1] . In the following we denote by
•S * (R d+1 ), the Shwartz space of rapidly decreasing functions on R d+1 , even with respect to the last variable. This space is equipped with the topology defined by the seminorms (N h,k
given by:
where
, the strong dual with of the space S * (R d+1 ). We consider the Weinstein operator
Where ∆ d is the Laplacian operator for the d first variables and L α is the Bessel operator for the last variable defined on (0, +∞) by
Definition 2.1. The eigenfunction of the Weinstein operator is unique solution on R d+1 with the system
The eigenfunction denoted by Ψ α,d (λ, .), and given by
where z = (z , z d+1 ), z = (z 1 , ..., z d ) and j α is the normalized Bessel function of index α, defined by ∀z ∈, C, j α (z) = Γ(α + 1)
Lemma 2.1. ∀x ∈ R the following inequalities are fulfilled
and the equality is attained only with x = 0.
3.
with | x |≥ 1, where c > 0 is a certain constant which depends only on α.
Proof. Analog of Lemma 2.9 in [3] .
2. For f ∈ S * (R d+1 + ) and m ∈ N , we have
, we have the following Parseval formula 
W is a topological isomorphism from S * onto itself. • The generalized K-functional is defined by
2,α }. The next theorem, which is the main result of this paper, establishes the equivalence between the modulus of Smoothness and the K-functional. 
where M (r) = sup 0<h<r (
h
).
In order to prove Theorem 3.1, we shall need some preliminary results.
Proof. The result follows easily by using (9), (10) and an induction on m.
The following inequality is true:
Proof. Assume that h ∈]0, r] and λ ≥ 1 . By (5), (8) and (11) we have
According to Lemma 2.1, we have the inequality 
Proof. Using the Plancherel formula, we obtain
By lemma 2.1 there is a constant c 1 > 0 such that
For all λ ∈ R with | λ |≥ ν. From this, (11) we get
We get the inequality
Corollary 3.1. There is a positive constant c 3 such that
There is a positive constant c 4 such that 
